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Prediction Method of Unsteady Combustion Around
Hypersonic Projectile in Stoichiometric Hydrogen–Air
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An effective nondimensional parameter, referred to as the � rst Damköhler parameter, is proposed to quantita-
tively classify the unsteady � ow regime of shock-inducedcombustionaround a hypervelocity spherical projectile in
the stoichiometric hydrogen–air mixture. The parameter consists of the ratio of the � uid characteristic timescale
to the chemical characteristic timescale. The � uid characteristic time is de� ned as a projectile diameter divided by
a speed of sound behind the normal segment of the steady bow shock. The chemical characteristic time is de� ned
as a temperature behind the normal segment of the steady bow shock over the maximum temperature increase per
unit time for the exothermicity. The temperature increase for the exothermicity is estimated by the time integration
of the species equations in the zero dimension in space. The proposed � rst Damköhler number can be analytically
computed by the chemical and � uid characteristics only, without ballistic range experiments or expensive simu-
lations on high-performance computers. The parameter is quantitatively characterized from the two distinct � ow
regimes observed in the experimental and numerical results. Also, features of the transition between two regimes
are clari� ed by changing the projectile diameter, the projectile speed, and the test gas pressure.

Introduction

I NSTABILITIES of shock-induced combustion around hyper-
sonic spherical projectiles into quiescent detonable gases were

observed in a number of ballistic range experiments1 – 6 in the 1960s
and 1970s. The experimental photographswith spark light sources
revealed the presence of widespread density variation spaced in a
remarkably periodic manner over the whole region within the bow
shock of the projectiles. These periodic density variations appear
in two distinct regimes1: One is referred to as the regular regime,
whose density variations are highly regular and low in amplitude
(high-frequency mode), and the other is referred to as the large-
disturbance regime, whose oscillations are less regular and low in
frequency but far more pronounced (low-frequency mode). A pe-
riod of the oscillation is normalized by the induction time tind in the
nearly uniform region behind the normal segment of the bow shock,
and theperiodof the large-disturbanceregime is severaltimes longer
than that of the regular regime. The period in both the regular and
the large-disturbance regimes depends on the projectile speed and
is also a function of the induction time derived from the projec-
tile velocity. The experimental results1 suggested that the range of
the period of the large-disturbance regime is 3 < t=tind < 12, and
the averaged period of the large-disturbanceregime derived by the
method of least squares was 5.23. On the other hand, the period of
the regular regime oscillations is about 1.15. Both the regular and
large-disturbanceregimesareunsteady� ow� elds with respect to the
projectileas the density variationsare intermittentlycreated in front
of the projectile. Both regimes have been observed in hydrogen–

oxygen-diluent,as well as hydrocarbon–oxygen-diluent,mixtures.
The mechanism of both the regular and the large-disturbance

regimeshavebeennumericallyclari� edby recentinvestigations.7 – 16

In the work of Matsuo and Fujiwara7 and Matsuo et al.,8 a wave-
interaction model on the stagnation streamline was proposed for
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the regular regime based on the simulation results. The frequen-
cies in the simulation results quantitatively agreed with Lehr’s
experiments.3 The simulation results of the other researchers sup-
ported the validity of the proposed model,9– 13 and the mechanism
also was essentially the same as McVey and Toong’s mechanism.4

In the work of Matsuo and Fujii,14;15 the mechanism of the large-
disturbance regime is clari� ed by a series of simulations, and the
wave-interactionmodel on the stagnationstreamline was proposed,
which was different from the model previously proposed by Alpert
and Toong1 in 1972. This proposed model was also supported by
computationalwork by Ahuja and Tiwari.16

The recent simulation technique allows us to quantitatively dis-
cuss the detailed physics of the couplingbetween gas dynamics and
chemical kinetics, and a number of simulation results have clari-
� ed the mechanism. However, a criterion for the prediction of the
unsteady shock-inducedcombustion around the sphericalprojectile
has not yet been established. In the present paper, the prediction
method of the unsteady combustion regime of shock-inducedcom-
bustion is newly proposed and is validated by the experimental and
computational results.

Previous Studies
There has been an effort to explain the instabilities around the

projectilesby using one-dimensionaltheoretical analysis of piston-
supporteddetonations.Abouseif and Toong17 analyzed the stability
of the one-dimensional piston-supported gaseous detonations and
found the low- and high-frequency modes previously reported in
the numerical simulations of Fickett and Wood.18 Both oscillation
periods and ampli� cation rates obtained by the exact linearizedsta-
bility analysis17 agreedwell with thoseof the numericalcalculations
by Fickett and Wood. The predicted periods also agreed well with
thoseobservedin the blunt-body� ow experiments.1 But theanalysis
was still insuf� cient for the prediction of the onset of the unsteady
� ow regime, such as a regular or large-disturbance regime, under
an arbitrary condition.

Alpert and Toong1 showed that a necessaryconditionfor the exis-
tence of the wave-interactioncycle of the large-disturbanceregime
is that the value of the second Damköhler parameter (the dimen-
sionless speci� c enthalpyof reaction) be above a threshold value of
approximately 0.5. The second Damköhler parameter is de� ned as
Qn D Q=C pT0, where Qn is the net heat release per unit mass of
gas mixture and T0 is the gas temperature immediately behind the
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normal segment of the bow shock. Their speci� ed condition was
supported by their experiments.1 However, this condition was not
a suf� cient condition for the onset of the large-disturbanceregime,
as both steady � ow and regular regimes were also observed even
when the second Damköhler number exceeded 0.5. They conjec-
tured that the long-periodwave-interactioncycle de� nitely requires
a large change in bow shock strength for the initiation. The en-
try of the projectile into a reactive mixture through a diaphragm
could provide the triggering perturbation.When the perturbation is
not suf� ciently strong, the regularor steady-�ow regimescan result.
Therefore,an initial disturbanceof rather high intensity is needed to
trigger the interactionsfor the large-disturbanceregime.The second
Damköhler parameter was used to identify the � ow regime in the
described analysis. The total heat release by the exothermicity was
used as a key factor for the unsteady � ow regime, regardless of the
process of the heat release.Alpert and Toong1 themselvesdescribed
how the second Damköhler parameter is imperfect to quantitatively
predict the unsteady � ow regime of shock-inducedcombustion.

Development of a New Prediction Method
A series of computations14 were carried out by changing the in-

tensity of the concentrationof the heat release at the reaction front
on the stagnation streamline. The simulation results have revealed
the importance of the process of the heat release. The strength of
waves created at the new reaction region is extremely dependent
on the process of the heat release as the chemical characteristic.
However, the idea was not suf� cient for the quantitative prediction
of the unsteady regime under arbitrary conditions.What we need is
a prediction method that can tell us which regime will occur when
parameters such as a projectile diameter, a projectile velocity, and a
gas mixture are given.

As for the strength of the unsteadiness,Ruegg and Dorsey2 sug-
gested that the test gas pressure is one of the important parameters
to identify the unsteady� ow regime. The numerical study by Ahuja
and Tiwari16 showed the dependenceon the projectile diameter and
the test gas pressureand clari� ed that the projectilelengthscalemay
change the � ow regime, even when the test gas conditions are kept
the same. Therefore, the projectile length scale is considered to be
one of the important factors for the strength of the unsteadiness.

In general, two kinds of reference scales exist in chemical react-
ing � ow problems; one is a � uid dynamics scale, and the other is
a chemical kinetics scale. Normally, the gas pressure is regarded
as a reference length scale of chemical kinetics, and the projectile
diameter is regarded as a reference length scale of the � uid dynam-
ics. The relation of these two reference scales must be important
for the present � ow phenomenon. Thus, the method of prediction
should be determined considering the relation of the two kinds of
reference scale problems. For that purpose, we � rst derive the pa-
rameters from the � ow� eld, and two parameters are set up based on
the test gas condition and the projectile scale. One parameter repre-
sents the chemical kinetics part, and the other parameter represents
the � uid dynamics part. Eventually, a nondimensional parameter,
such as � rst Damköhler number, is utilized for the prediction of
the unsteadyshock-inducedcombustionas a single parameter using
these two characteristics values. The � rst Damköhler number con-
sists of the ratio of the � uid characteristic timescale to the chemical
characteristic timescale. However, the characteristic values are not
uniquely determined from the test gas conditions.Therefore, effec-
tive values representing the chemical and the � uid characteristics
should be proposed to identify the unsteady regime and will be in-
vestigated in the following. First, the � uid characteristic timescale
is considered. There are choices for the length scale of the � uid
dynamics for blunt-body problems with chemical reactions. Con-
sidering the mechanism of the unsteady � ow regime proposed as
the wave-interactionmodel on the stagnationstreamline in previous
works,7;8 ;14;15 the shock standoffdistanceon the stagnationstream-
line may be takenas a representativelength scale.Because the Mach
number range considered here is restricted to be between 4 and 6,
the shock standoffdistancesimply dependson the blunt-bodydiam-
eter. Therefore, the � uid characteristics length scale is represented
by the projectile diameter. Next, the reference speed is required to
de� ne the characteristic timescale. At the reaction front, compres-
sion waves or reaction shock waves are generated, and these waves

propagate behind the bow shock of the projectile.The wave propa-
gationspeedcan be estimatedusing the speed of sound immediately
behind the bow shock.Therefore, the speedof soundbehind the bow
shock is taken as a reference speed. Based on the length scale and
the speed just de� ned, the characteristicstimescale for the � uid part
is de� ned as

t f D D=a2 .1/

where D and a2 indicate the projectile diameter and the speed of
sound, respectively.The subscript 2 indicates the condition imme-
diately behind the normal segment of the bow shock in front of the
spherical projectile. It can be easily obtained by the normal shock
relations under the real gas effects without � ow simulations.

Next the chemicalcharacteristictimescale is proposedas follows:
Here, the intensity of the heat release that represents the chemical
characteristicsis quantitativelyde� ned.The temperature-increasing
pro� le for theexothermicity,which is obtainedby time integrationof
the species equations in zero dimension in space under the constant
volume mode, is used to represent the chemical characteristics.The
zero-dimensionalproceduregives us the time-evolvingtemperature
pro� le. In the authors’previousworks,14 it has been clari� ed that the
strength of the waves released from the reaction front signi� cantly
affects an onset of the unsteadiness.When the stronger wave (reac-
tion shock) is releasedat the reaction front, the reaction shock could
become a detonation wave, and the large-disturbanceoscillation is
established.When the weaker wave (compressionwave) is released,
the � ow goes into the regular regime. Supposing that the speed of
sound and the total heat release for the exothermicity are constant,
the strength of the wave front can be determined by the maximum
value of the temperature increase per unit time (dT=dt/max (Fig. 1).
Because the reaction occurs behind the bow shock, the temperature
T2 is used for the normalization.This idea does not require the total
amount of the heat release. The chemical characteristics timescale
is now de� ned as

tc D T2

¿³
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´
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Finally a nondimensionalparameter (the � rst Damköhler param-
eter DI ) is de� ned and is proposedfor the prediction.The de� nition
is as follows:

DI D
t f

tc
D

³
D

a2

´¿µ
T2

¿³
dT

dt

´

max

¶
D D

³
dT

dt

´

max

¿
.a2T2/

(3)

Note again that the timescale for the � uid part can be computed
without the � ow simulation. The speed of sound a2 is given imme-
diately behind the normal segment of the bow shock by the normal
shock relations under the real gas effects, and the projectile diam-
eter D is in the test conditions. The scale for the chemical part can
be computed based on the zero-dimensional analysis by time inte-
gration of the species equations in zero dimension in space and the
normal shock relations under the real gas effects.

Fig. 1 Temperature pro� le by the time integration of the species equa-
tions under the constant volume and energy mode.
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Computational Setup
To validate the predictionmethod, a series of computationswere

carried out. The governing equations are Euler equations under the
axisymmetric assumption, and the chemical reaction is considered
as a hydrogen–oxygen mechanism consisting of 8 species and 19
elementaryreactions,omitting nitrogenreactions.The reproduction
of the physicalunsteadinessof all of the cases in Table 1 by our com-
putational code has been con� rmed by the previous computational
works,7;8 ;14;15 and the detailed computational setup was described
in those papers.

The computationaldomain is limited to the region in front of the
hemispherical body, and the � ow is assumed to be axisymmetric
based on the experimental observations.The number of grid points
is 401 £ 401, which are equally distributed in each direction. The
grid re� nement study in our previous work con� rmed that this grid
distribution is � ne enough to reproduce the physicalunsteady mode
of shock-inducedcombustion.16

To capture physical instabilities derived by shock-induced com-
bustion, initial disturbancesintroducedby the impulsive start of the
computation should be avoided.Therefore, the following technique
is used: The � ow� eld of the inert air is � rst solved under the same
projectilevelocity,gas temperature,and gaspressureas the stoichio-
metric hydrogen–air gas mixture. At the beginning of the reacting
� ow computation,the converged� ow� eld of the inert air is used be-
hind the bow shock wave, but the air in front of the bow shock is re-
placed by a combustiblegas mixture.The exothermicreactiongrad-
uallystartsin thecombustiblegas � ows throughthebowshockwave.

Computational Study for Validation
The experimental conditions and the computed � rst Damköhler

number DI proposed in the present study are listed in Table 1. The
frequency f , the period t, the period normalized by the induction
time t=tind, and the frequencymode categorized into two modes, hf
(high-frequencymode) and lf (low-frequencymode), are also listed
in Table 1. The inductiontime tind is derivedby the zero-dimensional

Table 1 Experimental conditions of Lehr3 and Ruegg and Dorsey2

Velocity, Pressure, Diameter, f , t ,
Case Experiment m/s atm mm DI MHz ¹s t=tind Mode

a Lehr3 1685.0 0.421 15.0 77.64 0.148 6.76 0.763 hf
b Lehr3 1931.0 0.421 15.0 77.42 0.712 1.40 1.267 hf
c Ruegg and Dorsey2 1758.6 0.500 20.0 128.06 —— —— —— lf
d Ruegg and Dorsey2 1963.2 0.500 20.0 127.82 —— —— —— lf

Table 2 Computational conditions for study of diameter effect

Velocity, Pressure, Diameter, f , t , `ind /SSD, %
Case m/s atm mm DI MHz ¹s t=tind .SSD D 0:16R/a Mode Figure

a-1 1685.0 0.421 5.0 25.88 —— —— —— 754.25 ss ——
a-2 1685.0 0.421 10.0 51.76 —— —— —— 377.13 ss ——
a-3 Exp.3 1685.0 0.421 15.0 77.64 0.160 6.25 0.706 251.42 hf 2a
a-4 1685.0 0.421 16.0 82.82 0.160 6.25 0.706 235.70 hf ——
a-5 1685.0 0.421 18.0 93.17 0.153 6.52 0.736 209.51 hf 2b
a-6 1685.0 0.421 20.0 103.52 0.030 33.33 3.763 188.56 lf 2c
a-7 1685.0 0.421 25.0 129.41 0.025 40.00 4.515 150.85 lf 2d
b-1 1931.0 0.421 5.0 25.81 —— —— —— 100.00 ss ——
b-2 1931.0 0.421 10.0 51.61 0.750 1.33 1.203 50.00 hf ——
b-3 Exp.3 1931.0 0.421 15.0 77.42 0.714 1.40 1.264 33.33 hf 4a
b-4 1931.0 0.421 16.0 82.58 0.125 8.00 7.221 31.25 lf 4b
b-5 1931.0 0.421 17.0 87.74 0.143 7.00 6.318 29.41 lf ——
b-6 1931.0 0.421 18.0 92.90 0.188 5.33 4.814 27.78 lf ——
b-7 1931.0 0.421 20.0 103.22 0.143 7.00 6.318 25.00 lf ——
c-1 1758.7 0.500 5.0 32.02 —— —— —— 285.50 ss ——
c-2 1758.7 0.500 10.0 64.03 0.320 3.13 0.953 142.75 hf 5a
c-3 1758.7 0.500 15.0 96.05 0.067 15.00 4.575 95.17 lf 5b
c-4 Exp.2 1758.7 0.500 20.0 128.06 0.053 19.00 5.795 71.38 lf 5c
d-1 1963.2 0.500 5.0 31.96 —— —— —— 73.50 ss ——
d-2 1963.2 0.500 10.0 63.91 1.067 0.94 1.164 36.75 hf 6a
d-3 1963.2 0.500 15.0 95.87 0.200 5.00 6.209 24.50 lf 6b
d-4 Exp.2 1963.2 0.500 20.0 127.82 0.182 5.50 6.830 18.38 lf 6c

aSSD, shock standoff distance; R, projectile radius.

analysis and is de� ned as the time where the temperature increase
per unit time indicates a maximum value, (dT=dt/max. As shown
in Table 1, the unique unsteady mode appears under the same gas
conditioneven though the projectilevelocityis varied,and the value
of DI is almost constantunder the same gas condition.Furthermore,
Lehr’s experiment3 reports that the instability of the reaction front
disappears at the higher projectile velocity (V D 2605 m/s).

Although the global � ow� eld around the spherical projectile is
important to classifyunsteady features, the historiesof the response
of the physical variables on the stagnation streamline to the distur-
bance induced by the explosive gas dynamics tells us the sensitive
frequencymodes and strength of the perturbations.Figure 2 is such
a history.Figure 3 is an x – t diagramof the densityfor a speci� c case
to be discussed subsequently.Figures 2 and 4–7 show the histories
of the shock standoffdistance, the locationof the reaction front, and
the shock strength of the bow shock on the stagnation streamline.
The line with open circles is the history of the shock standoff dis-
tance, and the line with closed triangles is the history of the location
of the reaction front. The symbols are plotted at every 4000 itera-
tion steps, and the time resolution is consideredto be suf� cient. The
locations of the shock standoff distance and the reaction front are
de� ned by the distance from the stagnationpoint, and the distances
are normalized by the projectile radius. The shock strength, which
is represented by the pressure level immediately behind the bow
shock wave, is normalized by the steady shock strength. The steady
shock strength is calculated by the normal shock relation with real
gas effects. The frequency f and the period t roughly estimated
from Figs. 2 and 4–7 and the normalized period t=tind are listed
in Tables 2 and 3. Using the normalized period of the histories on
the stagnation streamline, the frequencymodes are categorized into
three modes, hf (t=tind ¼ 1:0), lf (t=tind > 3:0) and steady state (ss).
The � gures corresponding to the cases are listed in Tables 2 and 3.

To clarify the chemical and � uid length scale, the ratio of the
induction length lind to the shock standoff distance of the sphere
is also listed in Tables 2 and 3. The � uid length scale is roughly
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a) 15.0 mm

b) 18.0 mm

c) 20.0 mm

d) 25.0 mm

Fig. 2 Histories of shock standoff distance ( ), location of the reaction
front ( ), and shock front pressure on the stagnation streamline in the
cases a-3, a-5, a-6, and a-7 in Table 2 (projectile velocity 1685.0 m/s,
pressure 0.421 atm) with various diameters.

Fig. 3 Density distribution x–t diagram on the stagnation streamline
in case a-7 in Table 2; projectile velocity 1685.0m/s, pressure 0.421 atm,
diameter 25.0 mm, contour range minimum= 0:7, maximum= 2:38,
increase = 0:08 kg/m3 .

a) 15.0 mm

b) 16.0 mm
Fig. 4 Histories of the shock standoff distane ( ), location of the re-
action front ( ), and shock front pressure on the stagnation streamline
in cases b-3 and b-4 in Table 2 (projectile velocity 1931.0 m/s, pressure
0.421 atm) with various diameters.
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Table 3 Computational conditions for study of velocity effect

Velocity, Pressure, Diameter, f , t , `ind /SSD, %
Case m/s atm mm DI MHz ¹s t=tind .SSD D 0:16R/a Mode Figure

d-1 Exp.2 1963.2 0.5 20 127.82 0.182 5.50 6.830 18.4 lf 6c
c-2 Exp.2 1758.7 0.5 20 128.06 0.053 19.00 5.795 71.4 lf 5c
e-1 1700.0 0.5 20 127.62 0.035 28.50 4.093 149.5 lf 7a
e-2 1680.0 0.5 20 127.44 0.022 45.00 4.261 225.6 lf 7b
e-3 1650.0 0.5 20 127.15 —— —— —— 877.3 ss ——

aSSD, shock standoff distance; R, projectile radius.

a) 10.0 mm

b) 15.0 mm

c) 20.0 mm
Fig. 5 Histories of shock standoff distance ( ), location of the reaction
front ( ), and shock front pressure on the stagnationstreamline in cases
c-1, c-2, and c-3 in Table 2 (projectile velocity 1758.7 m/s, pressure 0.5
atm) with various diameters.

estimated as 16% of the projectile radius, and the chemical length
scale is obtained by the velocity behind the normal shock and the
induction time derived by the zero-dimensionalanalysis.

Effect of Projectile Diameters
First, a series of simulations is conducted by changing the pro-

jectile diameters of cases a–d. Because DI is a linear function of
the projectile diameter [see Eq. (3)], the evaluation can be carried
out straightforwardly.The corresponding computed conditions are
listed in Table 2. The test gas conditions of cases a-3, b-3, c-4, and
d-4 are the same as the experimentalconditionsof Lehr3 and Ruegg

a) 10.0 mm

b) 15.0 mm

c) 20.0 mm
Fig. 6 Histories of shock standoff distance ( ), location of the reaction
front ( ), and shock front pressure on the stagnationstreamline in cases
d-1, d-2, and d-3 in Table 2 (projectile velocity 1963.2 m/s, pressure 0.5
atm) with various diameters.

and Dorsey2 listed in Table 1. The induction time is indicated in
Table 1 and is uniquely determined by the projectile velocity, even
though the diameter is changed. The frequency mode in Table 2 is
categorized by the histories on the stagnation streamline instead of
the � ow� eld pattern around the projectile body.

Case a
Case a shows the resultsof variousdiametersin Lehr’s experimen-

tal condition listed in Table 1. In cases a-1 and a-2, the solutions
converged to ss although the reaction region is observed around
the projectile surface. Although not shown here, the normalized
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a) 1700.0 m/s

b) 1680.0 m/s
Fig. 7 Histories of shock standoff distance ( ), location of the reaction
front ( ), and shock front pressure on the stagnation streamline in
cases e-1 and e-2 in Table 3 (diameter 20.0 mm, pressure 0.5 atm) with
projectile velocity.

shock pressure histories settle to be constant 1.0, which indicates
no oscillation occurs behind the bow shock. This mode is catego-
rized into ss, which is a converged steady solution. Cases a-3–a-7
show unsteady behaviors on the stagnation streamline, as shown in
Figs. 2a–2d. Case a-3 is Lehr’s experimental condition,and the his-
tories on the stagnation streamline are shown in Fig. 2a. According
to the experiment,1 the high-frequency mode (0.148 MHz) of the
regular regime is observed. The unsteady feature of the simulation
result in case a-3 shows the high-frequencymode (0.160 MHz) in
the history (Fig. 2a) and the regular regime of the � ow� eld. It can be
said that the experimental � ow feature is reproducedby the simula-
tion result. Case a-4 also shows regularly repeated high-frequency
oscillations. In case a-5, high-frequency oscillations are also ob-
served, but the range of the amplitude of the reaction front location
is not completely constant, as shown in Fig. 2b. Figure 2c shows
case a-6. The low-frequency oscillationsclearly appear in the high-
frequency mode. The amplitude of the reaction front in Fig. 2c is
much higher than those in Figs. 2a and 2b, but the reaction front is
always away from the location of the bow shock wave. Therefore,
the pattern of the � ow� eld in case a-6 can be categorized into the
regular regime, although the histories on the stagnation streamline
are categorized into the low-frequency mode. This result indicates
the presenceof the exceptionalcase in which the regular regime � ow
pattern in the � ow� eld shows the low-frequency oscillation on the
stagnation streamline. In Fig. 2d (case a-7), the low-frequency os-
cillation is clearly observed in the shock standoff distance, as well
as the reaction front. However, the history of the shock pressure
does not have a strong peak in a cycle and still shows the summa-
tion of high-frequencyoscillations. The reaction front in Fig. 2d is
always away from the bow shock, as was the case in Fig. 2c. The
x – t diagram of the density history on the stagnation streamline is
shown for case a-7 in Fig. 3. The reaction front moves rightward
and leftward with the low-frequency mode but never penetrates the
bow shock. That is the reason a strong peak in one cycle does not

appear in the shock pressure history in Fig. 2d. On the other hand,
the reaction front is strengthenedby the self-enforcedexplosions,15

in which new reactions are intermittently created in one cycle.

Case b
Case b shows the result of the various diameters in the Lehr ex-

perimentalcondition listed in Table 1. According to the experiment,
the high-frequencymode (0.712 MHz) of the regular regime of the
unsteady shock-induced combustion is observed. In case b-1 with
the diameter5.0mm, the steadysolutionis obtained.Caseb-2 shows
the regularly repeated high-frequency mode. The histories of case
b-3, in Fig. 4a, which correspond to Lehr’s experimental condition
in Table 1, show the high-frequencymode, and the frequencyin the
simulation result (0.714 MHz) agrees well with the experimental
data. In cases b-4–b-7, the low-frequency mode appears in the his-
tories and is dominant in the oscillationmodes. The historiesof case
b-4 are shown in Fig. 4b, which shows the transition from the high-
frequency mode to the low-frequency mode. The high-frequency
oscillations are observed until 20.0 ¹s, when the low-frequency
mode appears. Then the histories and the � ow� eld are completely
changed. After the initiation of the low-frequency mode, the den-
sity contour plots show the typical features of the large-disturbance
regime.

Case c
Cases c and d are the experimental conditions of Ruegg and

Dorsey.2 Both theexperimentaland computationalresultsin thepast
showed the large-disturbanceregime of the unsteadycombustion.15

As shown in Table 2, case c-1, in which the projectile diameter
is 5.0 mm, shows the converged ss solution, similar to cases a-1,
a-2, and b-1. In Fig. 5a, which is case c-2, the high-frequencymode
appears in all of the histories and is dominant.As shown in Fig. 5b,
all of the histories for case c-3 are regularly repeated, and the low-
frequency mode is dominant. The condition of case c-4 in Table 2
is the same as the experimental conditionsof case c in Table 1. The
experiment shows the typical large-disturbance regime of the un-
steady combustion. In Fig. 5c (case c-4), all of the histories indicate
periodic and high amplitude oscillations. The pressure peak level
is more than 1.5 times the steady pressure level. As discussed in
previous works,15 the � ow� eld around the projectile shows the typ-
ical shock-reactionfront interactionpattern of the large-disturbance
regime.

Case d
Case d is the experimental conditionsof Ruegg and Dorsey,2 and

the large-disturbance regime appeared in both the experiment and
the computation.15 As shown in Table 2, case d-1, in which the
projectile diameter is 5.0 mm, shows the converged ss solution. In
case d-2, the histories show the high-frequency mode, as shown
in Fig. 6a, and the � ow� eld is a typical regular regime of shock-
inducedcombustion.Figures 6b and 6c show cases d-3 and d-4, and
these historieshave a strongpeak in one cycle.These cases show the
typical large-disturbance regime of unsteady shock-induced com-
bustion.

Summary of Diameter Effect
The effect of the diameters was clari� ed by a series of compu-

tations. The computed results in cases a–d show that the unsteady
regime changes from the regular regime to the large-disturbance
regime when the projectile diameter is increased. The results in
case b suggest that the � rst Damköhler number 80.0 is a critical
value for the unsteadyregime of shock-inducedcombustion around
the spherical projectile. For cases c and d, the unsteady regime
clearly changes across the � rst Damköhler number 80.0. According
to the study, the proposed � rst Damköhler parameter works well
and can categorize the unsteady � ow regime.

Effect of Projectile Velocity
In the preceding section, the effect of the diameters was inves-

tigated by a series of simulations. According to the proposed � rst
Damköhler parameter, the projectile velocity shows little effect on
the change of the � rst Damköhler value (see Table 2). However,



1840 MATSUO AND FUJII

the unsteady mode is very sensitive to the diameter and the test gas
pressure.In this section, the effect of the projectilevelocity is inves-
tigated using the test gas condition of Ruegg and Dorsey2 (Table 1)
in which the low-frequencymode (large-disturbanceregime) is ob-
served. Slower velocitiesare chosen than in the Ref. 2 experiments,
as listed in Table 3. The histories of the shock standoff distance,
the location of the reaction front, and the bow shock strength on
the stagnation streamline are also used in this study for velocity
effect. The time in Figs. 7 is normalized by the induction time of
each case inasmuch as the induction time is varied by the shock
strength.

In the histories shown in Figs. 7, which are cases e-1 and e-2, the
low-frequency mode is dominant in the plots of the shock standoff
distanceand the locationof the reactionfront, but the historiesof the
shock pressurehave severalpeaks in one cycle of the low-frequency
oscillations.The features are similar to those in Figs. 2c and 2d. In
casee-3, thecomputedresultconvergesto the steadysolutionthough
the reactionoccurs in a thin regionaroundthe projectilesurface.The
induction time is exponentially related to the projectile velocity. In
comparing case e-2 with case e-3, the induction length in case e-3
is about four times longer than that in case e-2, even though the
velocity change is only less than 2%. To discuss the unsteadinessof
shock-inducedcombustion, the effect of the induction time and the
length must be taken into account.

The results suggest that the projectilevelocityis not the key factor
to determine the unsteady mode because a unique unsteady mode
appears in the same gas condition, such as pressure, temperature,
and the gas mixture under the � xed projectile diameter, and in the
range of the lower and higher velocity, the unsteadinessdisappears
and converges to the steady solution. Therefore, the idea of the
proposed � rst Damköhler parameter is that the unsteady mode is
potentially given by the test conditions.

Applicable Range of Prediction Method
The proposed � rst Damköhler parameter is regarded as the

strength of the reaction shock. The parameter value 80.0 must be
the critical shock strength to induce the low-frequencymode. When
the projectilevelocity is slower, the gas temperaturebehind the bow
shock is lower. Because the induction time is an exponential func-
tion of the gas temperature, the lower gas temperature makes the
induction time and length longer. Supposing that the strength of the
reaction shock is constant, the lower projectile velocity case would
require several explosionsor reaction shocks in one cycle to induce
the low-frequency mode, so-called self-enforced explosions,15 as
shown in Fig. 3.

Cases a-4 (DI D 82:82) and a-5 (DI D 93:17) do not show the
low-frequencymode in the simulationresults.As observedin Figs. 2
and 3, all of the results in case a do not show the typical features of
the large-disturbanceregime, such as the penetrationof the reaction
front and the onset of the detonation wave. In a sense, the strength
of reaction shock is consideredto be weaker.Actually, the projectile
velocity of case a is lower than that of cases b–d, and in cases a-4
and a-5 the induction length derived analytically is more than two
times the shock standoff distance. Therefore, a series of reaction
shocks is required in one cycle to induce the low-frequency mode.
Normally, the averaged period of the large-disturbance regime is
about 5.23 times the induction time and is about 5 times longer than
that of the regular regime. Even in case a-3, the period is so long
that one corrugatedpattern on the reaction boundary is seen only in
the computed domain in the present study. It is supposed that the
wave interaction of the low-frequency mode cannot be initiated by
reactionshocksbecausethesummationofwavepropagatingtimes in
onecycle is too long to form the self-enforcedexplosions.Observing
Fig. 2b, the high-frequencyoscillations of shock and reaction front
locations are not completely constant, but the low-frequency mode
is not dominant for the reasons given earlier. It can be said that, in
the case of DI · 94, the induction length should be less than 200%
of the shock standoff distance to induce the low-frequency mode
in the � ow� eld. In case e-2, the low-frequency mode appears in
the � ow� eld though the induction length is more than 200% of the
shock standoff distance. The reason is that the parameter value is
DI D 127:44, and the strengthof the reactionshock is much stronger
than in cases a-4 and a-5.

Fig. 8 Chemical and � uid characteristic timescales derived by the pre-
diction method.Modes (lf, hf, and ss)are obtainedby the experiments or
the simulation results. Critical � rst Damköhler number distinguishing
the high-frequency mode from the low-frequency mode is 80.0.

Under an arbitrary condition, such as the proposed � rst
Damköhler parameter, the ratio of the induction length to the shock
standoff distance is easily calculated by zero-dimensionalanalysis.
Some caseshave to take into account the applicablerangeof the pre-
diction method. The variables for such considerationare all derived
from the zero-dimensionalanalysis,and then the expected unsteady
mode is easily estimated.

Summary of Validation
The simulation results in Tables2 and 3 are categorizedinto three

modes, ss, hf, and lf. The chemical and � uid characteristictimes are
derived from the prediction method, and the location of each plot
is determined only by the zero-dimensionalanalysis without simu-
lations. They are plotted in Fig. 8. The symbols ; , and £ show
each unsteadymode that appears in the simulations.The inclination
of the linear line in Fig. 8 indicates the � rst Damköhler number DI .
The number indicates that the criterion of the unsteady mode be-
tween the low-frequencymode and high-frequencymode. The high-
frequencymode,mainly correspondingto the regularregime,occurs
in the region below the line for DI D 80:0, and the low-frequency
mode, mainly corresponding to the large-disturbance regime, oc-
curs in the region above that line. The present method can predict
the two distinct unsteady modes, which are potentially determined
by the test gas conditionsand the projectile diameter without an ad-
ditional disturbance, by the numerical technique and experimental
operation. However, the actual experiments cannot get rid of initial
disturbancesby the operation,and the disturbancesstrongly depend
on the apparatus itself. Therefore, the limitation of the prediction
methodexists when the predictionmethod is used for the estimation
of the experimental condition.

Conclusions
An effective nondimensional parameter, referred to as the � rst

Damköhler number, is proposed for the prediction of the unsteady
� ow regime in shock-induced combustion around a hypervelocity
spherical projectile into a stoichiometric hydrogen–air gas mix-
ture. The parameter consists of the ratio of the � uid characteristic
timescale to the chemical characteristic timescale. The � uid char-
acteristic time was de� ned as a projectile diameter over a speed of
sound, and the chemical characteristic time was de� ned as a tem-
perature over the maximum value of a temperature increase for the
exothermicity per unit time. The conditions of the speed of sound
and the temperature were assumed to be immediately behind the
bow shock in front of the spherical projectile and were obtained by
the normal shock relations under real-gas effects. The temperature
increase for the exothermicity was estimated by time integrationof
the species equations in zero dimensionin spaceunder the constant-
volume mode. The � rst Damköhler numberde� ned here works well
for the prediction of unsteady shock-induced combustion around
spherical projectiles and quantitatively distinguishes two distinct
� ow regimes observed in experimental and numerical results under
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arbitrary conditions. The � rst Damköhler number is obtained by
a small analytical computation estimating the chemical and � uid
characteristics without time-consuming unsteady � ow simulations
or experimental facilities. Also, the applicable range of the predic-
tion method is discussed, based on the mechanism of the unsteady
shock-inducedcombustion.
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